In this article, the evaluation of rotational stability growth rate factors is carried out for the slab rocket motor using a perturbation treatment that is supported by numerical evaluation. The asymptotic expressions for the stability factors are derived over a practical range of operating parameters. For the representative motors under investigation, the analytical estimates are shown to exhibit an error of 5% or less by comparison with numerical integrals. Both numerics and asymptotics converge in predicting less stable systems than projected by irrotational stability theory. The differences can be ascribed to the dismissal of time-dependent rotational coupling in many past studies. The present investigation unravels the details of six additional growth rate corrections. These include the rotational flow, mean vorticity, viscosity, pseudoacoustic, pseudovorticity, and unsteady nozzle growth rate factors. The fourth and fifth terms are due to acoustical and vortical interactions with the often neglected pseudopressure. The sixth is due to the energy associated with the unsteady rotational flow exiting the nozzle. Based on the slab-motor geometry, we find that the flow-turning correction is canceled identically by another rotational term stemming from multidimensional interactions. We also find that the unsteady nozzle damping effect is offset by another source of instability due to the pseudopressure. 
Nomenclature
T HE rising popularity of the slab rocket motor among propulsion analysts may be attributed to the simple geometry that it presents. Clearly, the use of a rectangular-port motor facilitates the design of an experimental setup by incorporating flat segments, screens, and window panels that can drastically improve test calibration and flow visualization capabilities. For the theoretical investigator, it permits the use of Cartesian coordinates which not only reduce the complexity of modeled equations but, also, facilitate the process of constructing the desired solution.
The use of the (opposed plane) slab configuration in combustion stability related studies may be traced back to the work of Brownlee and Marble [1] [2] [3] who employed blocks of propellant in some of their laboratory experiments. More recent investigations that adopt the slab geometry include those by Casalis et al. [4] [5] [6] [7] , Liou et al. [8] [9] [10] , Yang et al. [11] [12] [13] , Van Moorhem et al. [14] [15] [16] [17] [18] , Wasistho et al. at the Center for Simulation of Advanced Rockets (CSAR) [19] , and Vuillot et al. at the Office National d'Études et de Recherches Aérospatiales (ONERA) [20] [21] [22] [23] [24] [25] . In that vein, scientists at both CSAR and ONERA have often utilized the planar/slab configuration as the preferred geometry to either validate their full-scale threedimensional codes or to concentrate on one particular aspect of motor gas dynamics.
Despite the preponderance of slab-related studies, no fundamental formulation has yet been advanced to assess the acoustic instability characteristics associated with this particular geometry. Past studies have mainly focused on the circular-port configuration as evidenced by the work of Flandro [26] [27] [28] [29] [30] [31] and Culick [32] [33] [34] [35] [36] [37] [38] [39] [40] . For this reason, it is the purpose of this paper to present the stability correction factors that arise in the two-dimensional motor chamber. This will be accomplished by applying the linear stability formulation introduced by Flandro and Majdalani [27] to the slab configuration. The work will closely follow the steps delineated by Majdalani, Flandro and Fischbach [41] and will briefly compare, in closing, the differences due to the infinite curvature of the slab motor.
II. Geometric Model
The same nomenclature and flow descriptors adopted by Flandro and Majdalani [27] will be used except that a Cartesian coordinate system will be the system of choice. As usual, the chamber will be modeled as a porous rectangular channel with internal half-height/ thickness H, width W and overall length L. Assuming that W 6 H, the passive wall influence is safely ignored [42] , and the problem is treated as a case of two-dimensional flow. The flux of gases due to combustion will be modeled by imposing uniform fluid injection along the walls at a constant velocity V b . Whereas one end of the chamber is closed, the other is open and attached to a choked nozzle. The fluid motion in the chamber is assumed to be symmetric about the midsection plane and laminar. Figure 1 provides sketches of the physical as well as the geometric model.
III. Growth Rate Calculations
Pursuant to established theory [27] , the system growth rate for a given oscillation mode can be constructed from the linear superposition of several volume integrals. Using
these integrals can be carried out individually, or in combination, depending on their general form. Naturally, the composite growth rate of the system is a linear sum of these factors. As before, a negative growth rate factor represents an energy sink, while a positive term denotes an instability contributor. The fifth term can be evaluated from
Being the mean flow vorticity, can be approximated from
and soû
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Evidently, substituting this result into Eq. (19) will cause 3 to vanish.
D. Fourth Factor: Flow-Turning Correction
The sixth term is a function of the unsteady vorticity. Following standard nomenclature [43] , this term will be dubbed "the flowturning correction." Starting with 
At this juncture, one must carefully examine the spatial behavior of each term in Eq. (34) . One finds that linearization of certain terms will be appropriate prior to integration. To start, both and must be fully expanded using MacLaurin series; one finds It can be easily shown that the leading-order representations for and yield reasonably accurate approximations. Interestingly, these simple one-term expansions perform fairly adequately, especially near the burning surface where one can put sin sink m y=M b Oy 3 (37) exp exp y Oy 3
To be consistent, all (but the last two terms) remaining in Eq. (34) must be linearized to the order of y 
At first glance, the exact integral of Eq. (39) appears to be intractable. Nonetheless, an inviscid result can be extracted by suppressing the viscous parameter . The inviscid form of 4 turns out to be 
Knowing that the exact integral must match the inviscid solution in the limit as ! 0, we use inductance and reevaluate Eq. (39) ; at the outset, we find
This expression approximates Eq. (23) to within a few percent over a wide range of M b , , l, and m.
E. Fifth Factor: Rotational Flow Correction
Traditionally only the integrals considered thus far have been accepted in stability assessments. Nevertheless, consistent retention of unsteady rotational terms gives rise to several additional integrals that must not be dismissed. The first rotational flow correction presented by Flandro and Majdalani [27] can be written as
The integrand stems from
so that 5 can be evaluated from Carrying out the time-average of the last expression, one gets
Following the same lines as before, 5 becomes
Except for having an opposite sign, this expression is identical to the flow-turning integral ( 5 4 ). It demonstrates that, for the slab-motor configuration, the flow-turning term is "exactly canceled" by the rotational flow correction both at leading order and when higher order approximations are retained. This result corresponds to the case for which the simulated burning surface extends over the entire chamber length.
F. Sixth Factor: Mean Vorticity Correction
The fifth rotational term can be written as
This can be further simplified into
After carrying out the time-averaging operation, one is left with 
where the subscript denotes partial differentiation with respect to y.
Then, by evaluating
the corresponding triple integral becomes
The first integration gives . . . dy (54)
In the inviscid limit ( 0), Eq. (54) can be evaluated explicitly; based on the form obtained, one may use symbolic programming and the properties of exponentials to estimate the value of the last integral from The seventh and eighth rotational groups involve viscous damping expressions. In the classical stability calculations, viscous effects are discounted. A correction to the dilatational effect is represented in the seventh rotational term. Following the same procedure used before, this term can be transformed into a surface integral, viz.
Clearly, Eq. (57) must be negligible insofar as it scales with the product of 2 (see Nomenclature) and the radial unsteady velocity at the boundaries.
The eighth term with viscous damping is not quite negligible. Starting with
one may set
where A û r ! and B ũ r ! so that The integral becomes
Asymptotically, it can be shown that j sec exp cos sink m z sink m z cosj
Therefore, this integral collapses into
As usual, expanding the triple integral renders The last two terms are due to the coupling between the pseudopressure associated with the vortical field and either the unsteady acoustical or rotational velocities. The first term can be expressed by 
and 
The corresponding integral becomes 
and so 
This can be rearranged into
I. Ninth Factor: Pseudo Vorticity Correction
The last term is due to the less obvious coupling that is formed between vorticity-induced pseudopressure and the unsteady rotational velocity. The significance of this term can be derived from 
The volumetric integral becomes 
Next, the integral with respect to z is evaluated. The subsequent expression is transformed into y, linearized near the wall, and integrated term-by-term. After some effort, one finds 
otherwise, one can put The tenth correction factor in stability calculations is due to the unsteady rotational energy crossing the motor exit plane. This growth rate is precipitated by the third and fourth rotational terms; these can be lumped together into
This triple integral can be converted using 
Remarking that 10 9 , the last two factors cancel out identically.
IV. Discussion

A. Standard Formulation
The degree of refinement associated with the current results may be assessed by comparing the rotational predictions with those derived from the irrotational stability formulation. Again, the characteristic parameters of the four representative cases introduced by Flandro [43] will be used. As indicated earlier, the classical stability formulation does not retain unsteady rotational effects except through the flow-turning term, which is indeed needed in a one-dimensional representation. In essence, the growth rate predicted by the irrotational model consists of 
C. Comparing Numerics and Asymptotics
Summarized in Tables 1 and 2 are the results from the irrotational and rotational formulations. These dimensional growth rates are related to the nondimensional values via a 0 =H. In Table 1 , all factors are computed by numerically evaluating the volumetric integrals. In Table 2 , the analytical expressions derived earlier are used to estimate the corresponding factors. From these tables, one realizes that a significant discrepancy exists between the irrotational prediction 1-4 and the rotationally adjusted value [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . This discrepancy varies from 36% for the equivalent Cold-Flow Experiment to about 111% for the equivalent (slab-scaled) Small Rocket Motor. Again, the latter discrepancy suggests a less stable system than projected by irrotational theory. Clearly, the additional rotational corrections play an essential role in the proper assessment of instability.
Comparing numerical results from Table 1 to analytical ones from  Table 2 , one can discern the excellent capability of analytical approximations to reproduce the numerically integrated growth rate Tables 1 and 2 can be used to assess the order of magnitude of various growth rates. The largest contributors can be readily identified to be pressure coupling, flow turning, rotational flow, mean vorticity, viscosity, pseudovorticity, and unsteady nozzle corrections. Conversely, the dilatational energy, acoustic mean flow, and pseudoacoustic corrections are either vanishingly or negligibly small. Because of intermediate cancellations, only pressure coupling, mean vorticity and viscosity corrections survive in the overall assessment. These must of course be supplemented by corrections due to particle damping, distributed combustion, and two-phase interactions.
D. Growth Rate Sensitivity
An integral part of assessing the acoustic instability growth in solid rocket motors rests in understanding the role that the various working parameters play in this process. To that end, a number of illustrations presented subsequently in this section will describe the effect of varying the key parameters in a fashion that reproduces different operational settings. A careful analysis of these illustrations will further serve to validate the mathematical model as present results will be shown to follow correct physical predictions. Figure 2 is devoted to showing the stability predictions based on the irrotational formulation in contrast to those based on the approach presented in this study. In Figs. 2a and 2b , numerical stability growth rates based on the current work are plotted versus the viscous parameter at several injection Mach numbers. It is clear that the plots generally follow the physical predictions corroborated by the asymptotic solutions; for example, one notes that an increase in at constant M b promotes system stability. Conversely, an increase in M b at constant is destabilizing.
By comparing Figs. 2a and 2b, one can identify the role of viscous friction to be rather unimportant in short motors (e.g., L=H 20); it becomes more appreciable, however, as the length is increased (in Fig. 2b where L=H 50) . This result may be ascribed to the longer residence time and trajectory of particles in longer chambers. Figure 2c displays numerical stability growth rates based on the irrotational formulation as function of the viscous parameter. Note that the trends associated with the irrotational model contradict those presented earlier. From Fig. 2c one can infer that the system becomes less stable as the viscosity of the fluid is increased. Moreover, a decrease in M b at constant appears to be destabilizing. Despite their unphysicality, these trends are confirmed by the analytical criteria for the irrotational model, namely, Eqs. (109) and (110). The observed irregularity in predicting acoustic instability in the slab-motor configuration has also been reported by Flandro and Majdalani [27] in a similar study of the full-length cylindrical motor. It may be carefully traced back to the retention of flow turning in the threedimensional irrotational formulation. This term, albeit essential in a fundamentally acoustical representation, is unnecessary in two or three dimensions. This important observation is further reinforced by the results given in Fig. 3 . An increase in at constant injection Mach number and motor length (thus an increase in ) is shown to predict a more stable system in Figs. 3a and 3b . The rotational stability framework proves to be consistent with the physically stabilizing nature of friction. This is not the case in Figs. 3c and 3d which depict the numerical stability curves based on the virtually one-dimensional formulation. Using the irrotational model, the system grows sharply unstable as viscosity, a salient stability ingredient, is increased.
E. Comparison to Earlier Work on the Cylindrical Chamber
Additional insight may be gained by briefly comparing the results of the planar and cylindrical configurations. To start, we recall from Majdalani and Van Moorhem [17] that an increase in chamber radius results in an increase in the depth of penetration of steady rotational effects. A similar trend characterizes the unsteady rotational effects (see Sec. 8f in Majdalani and Flandro [45] ). These too occupy a larger fraction of the chamber with successive increases in curvature. It is clear that the planar geometry, being of infinite radius, exhibits a much larger depth of penetration than that of an internal burning cylinder. Then, by considering that viscous effects are blown off the wall and relocalized to the core region (situated at the edge of the depth of penetration), they play a weaker role in the planar geometry where the viscous shear layer is thinner in comparison to the cylindrical configuration. Figure 4 illustrates this effect by displaying the influence of , the viscous parameter, on motor stability for the slab and cylindrical chambers. As is increased, the combined growth rate factor for the cylindrical motor decreases much more rapidly than that of the slab motor (also seen in Fig. 2 ). This can be attributed to the larger sensitivity on in the cylindrical case. A similar correlation can be obtained for the combined growth rate and . As a final comment, one may note that the equations associated with the planar growth rates are not simpler but rather much more involved than in the cylindrical case. Their evaluation requires the retention of more terms in the integral expansions to yield meaningful results. The stability calculations constitute one of the few cases where the simplicity of the calculations favors the cylindrical geometry.
V. Concluding Remarks
By incorporating the total kinetic energy of the unsteady rotational disturbances into the energy density equation, a more inclusive and physically meaningful assessment of acoustic instability factors has been demonstrated here for the slab rocket motor. The new framework is shown to offer critical advantages which can be used to enhance the widely adopted formulation based on an irrotational representation of the acoustic field. The new formulation gives rise to six additional growth rate terms that have been discounted in irrotational stability models. These include corrections owing to the rotational flow, mean vorticity, viscosity, pseudoacoustic, pseudovorticity, and unsteady nozzle effects. These are summarized in Table 3 in both general and asymptotic forms, including the original corrections evolving from one-dimensional wave theory. The new terms are precipitated, no doubt, from the unsteady rotational disturbances and their interactions with the acoustic wave motion. Interestingly, the rotational flow and unsteady nozzle corrections are identically equal but opposite in sign to the flow turning and pseudovorticity corrections, respectively. At the outset, three linear growth rates survive the attendant cancellations. These are pressure coupling, mean vorticity, and viscosity corrections. Work is under way to incorporate the last two in the standard stability prediction (SSP) code by French, Flandro and Majdalani [46] . This code, which is based on Culick's comprehensive framework [39] , is widely used in the propulsion community.
From a physical standpoint, the cancellation of flow turning by another term is confirmed by the 1982 mathematical proof offered by Van Moorhem [47] . In his well-known analysis, Van Moorhem is able to demonstrate that flow turning, which stems from the need to satisfy fundamental conservation laws in a chamber with sidewall mass addition, is a needed adjustment only if a problem is formulated in one-dimensional space. In multidimensional settings, such as those employed in most recent investigations, flow turning is absent. The second interesting cancellation is that of pseudovorticity by virtue of the unsteady nozzle damping. This outcome brings the results to a closer agreement with conventional theory; the latter downplays the role of the pseudopressure (or pseudosound) in the overall energy assessment. In our problem, the only remaining term due to the pseudopressure is 8 , which is indeed very small and, hence, negligible.
As usual, using the four representative motor properties to define four case studies, the improvements in prediction capability are quantified and shown to be nonnegligible when compared with the irrotational estimates. The analytical expressions presented here for the slab rocket motor are also shown to provide expeditious approximations for the volume integrals that arise in the stability calculations. Generally, the error in the analytical prediction is shown to differ from the numerical solution by a percent or less.
The analytical expressions lead to explicit relations between the salient flow attributes and stability. This permits calculating critical motor lengths and Mach numbers that must not be exceeded if hoping to mitigate acoustic instabilities. Physically, the proposed formulation confirms experimental findings by projecting a less stable environment in longer motors, at higher surface Mach numbers, and for propellants exhibiting higher surface admittance values. In the same vein, a more stable environment is promoted at higher oscillation mode numbers (which absorb more trigger energy) and at increasing levels of viscous damping. The role of the latter becomes more appreciable in longer motors or at higher Mach numbers. Not surprisingly, both irrotational and rotational relations agree on the role of surface admittance, but seem to be conflicting on other counts. For this reason, our study suggests the important physical need to incorporate all rotational corrections in future stability calculations.
In recent years, the slab-motor geometry has increased in popularity, especially, in academic studies of acoustic instability. Our results are hoped to supplement the existing literature and serve as a benchmark for next generation numerical experiments; additional corrections for the slab motor need to be assessed, and these are hoped to be unraveled in forthcoming investigations. Among instability contributors omitted here are corrections due to time-dependence of the mean pressure, particle damping and multiphase interactions, distributed combustion, parietal vortex shedding, and intrinsic mean flow instabilities that have been recently reported by Lupoglazoff and Vuillot [48, 49] , and Griffond and Casalis [5, 6] . It is speculated that such instabilities may appear even in the absence of protrusions, baffles, inhibitors, or intersegmental gaps. The instability discussed by Griffond and Casalis [5, 6] appears to be a property of the mean flow itself and may need to be separately accounted for in the overall energy balance. For each of these factors, additional work lies ahead.
